
KOMPUTASI: JURNAL ILMIAH ILMU KOMPUTER DAN MATEMATIKA
20 (1)(2023), 01-09 p-ISSN: 1693-7554, e-ISSN:2654-3990

Zillmer Reserves in Dwiguna Life Insurance
with the Cox-Ingersoll-Ross (CIR) Interest

Rate
Hasriati1,a, Sukono2,b, Ihda Hasbiyati1,c, T.P Nababan1,d, Aulia Kirana1,e

1Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas Riau,
Indonesia

2Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas
Padjadjaran, Indonesia

Abstract

Abstract This article discusses Zillmer’s reserve of dual-purpose life insurance. Zillmer
reserve is one type of modified premium reserve that is calculated using prospective reserves
and Zillmer level, which is the difference from gross premium and net premium in the 1st
policy year is greater than standard loading. It is necessary to find a way for the loading to be
smaller than standard loading. The purpose of this research is to determine the cash value of
an annuity using the Cox-Ingersoll-Ross (CIR) interest rate. Furthermore, the method of de-
termining Zillmer’s reserves is carried out using the CIR interest rate which will be expressed
in the form of a discount factor by estimating two parameters through the variance. As a
result, the Zillmer Reserve formula is obtained by using the CIR interest rate, for insured
participants who are many years old, with a coverage period of many years, and payments
for many years with a certain Zillmer rate value. This research is useful for determining the
amount of reserves owned by insurance companies, so that reserves are sufficient in the event
of an insurance claim.

Keywords: Dwiguna Life Insurance; prospective reserves; Zillmer reserves; CIR interest
rates

1. Introduction

Dwiguna life insurance is life insurance whose coverage period is determined, both inside and
at the end of the coverage period, both death and survival[2][6][11], the insured still gets the sum
assured. In an insurance company, when a person becomes an insurance participant, he should pay
premiums to the insurance company [8]. From the premium, several incomes will be obtained from
interest during the premium payment period. The income from the premium will later be used to
pay for a number of needs from the insurance company. Reserves are the amount of money that
is in the insurance company within the coverage period [7]. Reserves that exist in the insurance
company will be used in the payment of the sum assured to insurance participants. In determining
the reserve, premiums and annuities for life are required which are influenced by the probability
of living and the probability of dying. Life opportunities for insurance participants. Based on the
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time of premium calculation, the reserves are divided into two, namely based on the past which
is called retrospective premium reserves, and based on the future called prospective premium
reserves. Prospective reserves are reserves that are calculated based on the present value of all
future expenses minus the present value of total future income for each policyholder. Hasriati [9] in
a previous study discussed the determination of the Dwiguna Life Insurance Prospective Reserve.
Prospective dual-purpose life insurance premium reserves for someone aged x years where t is the
reserve calculation time, m is the premium payment period, and n is the coverage period. At the
beginning of the policy year, it usually costs quite a lot to pay for various needs for example to pay
fees to premium collectors and others. Therefore, we need a way so that insurance companies do
not suffer losses, namely by collecting funds obtained from reserves. In this study, Zillmer Reserves
[7] will be used, which is one type of modified premium reserves whose calculations use prospective
reserves and the Zillmer level of α. Furthermore, the determination of Zillmer’s reserves uses a
single premium and annuity cash value. To determine the cash value of an annuity, this paper
uses the interest rate [4], where the CIR interest rate has a tendency to return to the long-term
average of the interest rate. The discount factor in the CIR interest rate model is influenced by
the average and variance of the CIR interest rate.

2. Methods

2.1. Survival function, Probability of Death and Chance of Life

Definition 2.1 Random variable X is said to be a continuous random variable if there is a func-
tion f(x), so that its cumulative distribution function is expressed as

F (x) = Pr(X ≤ x) =

∫ x

−∞
f(u)du.

In Actuarial, there is the term survival function which is referred to as a survival function. The
survival function is denoted by S(x), expressed as

S(x) = Pr(X > x)

So based on Definition 2.1, the relationship between the survivals function and the distribution
function is obtained as follows [1]:

S(x) = 1− Pr(X ≤ x),

S(x) = 1− F (x) (1)

In the field of actuarial science, the survival function S(x) expresses the probability that a person
will live up to x years, where X is a continuous random variable that represents a person’s survival
time. The survival function of life insurance participants depends on the remaining age-related to
time, so it will be viewed as a random variable [12]. Suppose T (x) is a continuous random variable
that represents the remaining life time of a person aged x and t represents the time period, then
the distribution function of the random variable T (x) can be expressed as

FT (x)(t) = Pr[T (x) ≤ t], t ≥ 0

In this case, the function FT (x)(t) represents the probability that a person aged x will die in t

years later, then FT (x)(t) is denoted by tqx. Based on equation (1), the survival function can also
be expressed as

ST (x)(t) = 1− Ft(x)(t)

ST (x)(t) = 1− tqx
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The relationship between the probability of living and the probability of dying for an insurance
participant aged x years can survive up to t years later based on equation (1) can be expressed as

tPx = 1−t qx

Suppose lx represents the number of people aged x years and lx+t represents the number of
people aged x who are still alive until t years in the future [3], then the probability a person of age
x can survive up to t years later can also be expressed as

tPx =
lx+t

lx

In determining the amount of a single premium, the discount factor and the probability of
dying are delayed. Suppose an insurance participant aged x years will survive until t years and
will die in the next u years, meaning that x dies between the ages of (x+t) and (x+t+u) years.
The probability of dying pending is stated as[5]

t|uqx = Pr[t < T (X) ≤ t+ u]

t|uqx =t Px −t+u Px

If u = 1, then a person who is x years old will live to t years and will die for the next 1 year is

t|1qx =t Px −t+1 Px

2.2. Life Annuity in Life Insurance

Annuity is a series of payments in a certain amount made every certain time interval as long as
the person is still alive [10]. Annuities are divided into two, namely annuities whose payments are
made at the beginning of the period called the initial annuity, and annuities whose payments are
made at the end of the period which is called ending annuities. In this study, the type of annuity
used is a term life annuity whose payment is made at the beginning of the period. In determining
the size of the annuity, it is strongly influenced by the interest rate which is denoted by i. In
interest there is a function v called the discount factor, namely the present value of the payment
of 1 unit of payment made one year later and expressed as

v =
1

1 + i

The cash value of an early life annuity term is denoted by ä
x:n|, where n represents the period

of time and x represents the age of the insurance participant. Suppose v is the discount factor,
represents the probability that the insurance participant aged x years will live until t years later
and n is the term of the annuity payment, then the cash value of the early life annuity term for 1
unit of payment is expressed as

äx:n| =
n−1∑
t=0

vt tPx
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Illustration of cash value with a timeline as shown below

Figure 1. Early life annuity cash value timeline.

3. Result and Discussion

3.1. Life Futures Annuity Using the Cox-Ingersoll-Ross Interest Rate

For term n, the initial life annuity value is obtained using the CIR interest rate, namely

ä
x:n| =

n−1∑
t=0

( t∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t

lx

)
(2)

Then by using equation (2), the initial value of a lifetime annuity is obtained for age x years with
a coverage period of m years for m<n using the CIR interest rate, namely

ä
x:m| =

m−1∑
t=0

( t∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t

lx

)
(3)

Based on equation (3), the initial life annuity value is obtained for the age (x+t) years with the
coverage period (m-t) years, namely

äx+t:m−t| =
m−t−1∑
k=0

( k∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

)
While the value of the initial life annuity with the coverage period of h years for h < m < n is

äx:h| =
h−1∑
t=0

( t∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t

lx

)
For insurance participants aged (x+t) years with a coverage period (h+t) years, it can be stated
as

äx+t:h+t| =
h−t−1∑
k=0

( k∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

)

3.2. Dwiguna Life Insurance Premium with CIR Interest Rate

According to Futami[6], term life insurance is insurance where the sum assured will be received
if the insured dies during the contract period. Single premium term life insurance for individual
status with policy contract for n years and sum assured of R unit of payment paid at the end of
the policy year can be stated as follows:

ä1
x:n| = R

n−1∑
t=0

vt+1
t |qx
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A single premium term life insurance is obtained with a policy contract for n years and the
sum insured are R units of payment using the CIR interest rate, namely

ä1
x:n| = R

∑
t=0

( n−1∏
t=0

1

e−βsr0 + α(1− e−βs)

)(
lx+t

lx
− lx+t+1

lx

)
Single premium dual-purpose life insurance [3],[6] from participants aged x with a coverage period

of n years which is denoted by A(xy : n|) expressed by

Ax:n| = A1
x:n| + Ax: 1

n|
,

äx:n| = R
n−1∑
t=0

vt+1
t|qx +R(vn nPxy),

Single premium dual-purpose life insurance from participants aged x with a coverage period of
n years using the CIR interest rate, namely

Ax:n| = R
n−1∑
t=0

( t+1∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t

lx
− lx+t+1

lx

)

+R
( n∏

s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+n

lx

)

Single premium dual-purpose life insurance for participants aged (x+ t) years and the coverage
period for (n− t) years is obtained

Ax+t:n−1| = R
n−t−1∑
k=0

( k+1∏
s=1

1

e−βs + α(1− e−βs)

)(
lx+t

lx
− lx+t+1

lx

)

+R
( n−t∏

s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+n

lx + t

)

the amount of the annual premium on dual-purpose life insurance for participants aged x years

participating in insurance for n years can be expressed by

px:n| =
Ax:n|

äx:n|

The annual premium for dual-purpose life insurance is obtained using the CIR interest rate,

namely

Px:n| =
R
∑n−1

t=0

(∏t+1
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx
− lx+t+1

lx

)
∑n−1

t=0

(∏t
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx

)
,
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+
R
(∏n

s=1
1

e−βsr0+α(1−e−βs)

)
( lx+n

lx
)∑n−1

t=0

(∏n
s=1

1
e−βsr0+α(1−e−βs)

)
( lx+n

lx
)

The annual premium for participants aged x years participating in insurance for n years and
the payment period for m years is,

Px:n| =
R
∑n−1

t=0

(∏t+1
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx
− lx+t+1

lx

)
∑m−1

t=0

(∏t
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx

) ,

+R
(∏n

s=1
1

e−βsr0+α(1−e−βs)

)
( lx+n

lx
)

∑m−1
t=0

(∏t
s=1

1
e−βsr0+α(1−e−βs)

)
( lx+t

lx
)

3.3. Prospective Reserves and Zillmer Reserves at CIR Interest Rate

Prospective dual-purpose life insurance premium reserves for someone aged x years where t is the
reserve calculation time, m is the premium payment period, and n is the coverage period with the
sum assured paid at the end of the policy year where t < m < n is,

m
v V

x:n| =

{
A

x+t:n−t| +m P
x:n|äx+t:m−t|, t < m < n

A
x+t:n−t|, m ≤ t < n′

prospective reserves of dual-purpose life insurance are obtained for a period of t < m < n4, namely

m
t Vx:n| =

(
R

n−t−1∑
k=0

( k+1∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

− lx+t+k+1

lx+t

)

= +R
( n−t∏

s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+nt

lx + t

))

+

((R∑n−1
t=0

(∏t+1
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx
− lx+t+1

lx

)
∑m−1

t=0

(∏t
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx

)

m−t−1∑
k=0

( k∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

)

Zillmer reserves are a type of modified premium reserves that are calculated using prospective
reserves and a Zillmer rate of α. A. Zillmer is of the opinion that the loading which is the difference
between the gross premium and the net premium in the 1st policy year is greater than the standard
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loading, so it is necessary to find a way to make the loading smaller than the standard loading. In
this study, the value of α which is the Zillmer level is assumed to be 0.025.

Suppose mP
x:n| is the annual premium of a person aged x years with an insurance period of

n years and a premium payment period of m years, P1 is the net premium in the policy year. 1,
P2 is the net premium in the 2nd to h policy years for h < n. P1 and P2 are modified premiums,
where h is the Zillmer time and α is the Zillmer level so that P1 <m P

x:n| < P2, then

P2 − P1 = α

P2 = P1 + α

By paying premiums during the year, the premiums to be paid by insurance participants aged
20 years can be illustrated with a timeline as follows:

Figure 2. Modified premium timeline.

From the timeline in Figure 2, it can be seen that the modified premium cash value of the total
premium income during the insurance period is fixed, the only thing that changes is the process of
collecting net premiums so that the values of P1 and P2 can be determined as follows:

mPx:n|äx:m| = P1 + P2(äx:h| − 1) + P (äx:m| − äx:h|),

−P2(äx:h| − 1) = P1 + Pä
x:m|

− P äx:h| −m Px:n|äx:m|

−P2 =
P1 + P äx:m| − P äx:h| −m Px:n|äx:m|

äx:h| − 1

P1 =m Px:n| − α +
α

äx:h|

P2 =
α

äx:h|
+ mPx:m|

Furthermore, the Zillmer reserve for someone aged x years with a Zillmer time of h years, a payment
period of m years, and a coverage period of n for (h < m < n), denoted by m

t V
hz

x:n|
for 1 ≤ t ≤ h

is expressed as follows:

m
t V

(hz)

x:n|
= (Ax+t:n−t| −m Px:n|äx+t:m−t|)−

α

äx:h|
äh+t:h−t|

m
t V

(hz)

x:n|
=m

t Vx:n| −
α

äx:h|
äh+t:h−t|
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Zillmer reserves from insurance participants aged x years with a coverage period of n years and a
payment period of m years with a certain Zillmer α value and using the CIR interest rate, that is

m
t V

(hz)

x:n|
=

(( n−t−1∑
k=0

( k+1∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

− lx+t+k+1

lx+t

)

+R
( n−t∏

s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+nt

lx + t

))

+

((R∑n−1
t=0

(∏t+1
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx
− lx+t+1

lx

)
∑m−1

t=0

(∏t
s=1

1
e−βsr0+α(1−e−βs)

)(
lx+t

lx

)

+
m−t−1∑
k=0

( k∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

))

·
m−t−1∑
k=0

( k∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

)))

− γ

äx:h|

(
h−t−1∑
k=0

( k∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
lx+t+k

lx+t

)))

Then, the estimated value is

β̂ = − 1

δj
ln(

q − αo− αp+ nα2

z − 2αp+ nα2
)

and,

α̂ =
oz − pq

nz − nq + op− p2

Example.
A 35 year old male trader wants to take part in individual endowment life insurance with a term
of 20 years, a premium payment period of 18 years, and a Zillmer term. If the sum assured re-
ceived by the heirs is IDR 100,000,000.00 and the Indonesian interest rate from 2010 to 2019 then
determine Zillmer Reserves for dual purpose life insurance using the Cox-Ingersoll-Ross interest
rate and mortality table.
Is known:
R = IDR100.000.000,- x = 35
n = 20 m = 18
z = 8

In this example problem, to estimate the parameter values of the CIR interest rate model use
data on Indonesian interest rates from 2010 to 2019. So that we get

α̂ =
(0, 54250 · 0, 03461)− (0, 55125 · 0, 033611)

20(0, 034612− 0, 033611) + 0, 55125(0, 54250− 0, 55125)
= 0, 059478665.
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β̂ = − 1

∆1
ln(

0, 03361− (0, 059480, 54250)− (0, 059480 · 0, 55125) + (20 · 0, 059482)
0, 03461− (2 · 0, 05948 · 0, 55125) + (20 · 0, 059482)

)

β = 0, 7995986060

i Factor discount using the Cox-Ingersoll-Ross interest rate

vt =
t∏

s=1

1

e−0,7995986060s(0, 065) + 0, 059478665(1− e−0,7995986060s)

ii The cash value of the initial life annuity has a term of 20 years using the obtained

ä35:20| =
20−1∑
t=0

( t∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
l35+t

l35

)
= 12, 0135166421778

iii A single premium with a sum insured of IDR 100,000 000 is obtained

A35:20| = R
20−1∑
t=0

( t+1∏
s=1

1

e−βs + α(1− e−βs)

)(
l35+t

l35
− l35+t+1

l35

)

+R
( 20∏

s=1

1

e−βsr0 + α(1− e−βs)

)(
l35+n

l35

)

iv The cash value of the initial annuity with a term of 18 years for which payment is obtained

ä35:18| =
18−1∑
t=0

( t∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
l35+t

l35

)
= 11, 3668312315629

v The annual premium for dual-purpose life insurance with a coverage period of n years and a
payment period of m years is

18P35:20| =
A

35:20|

ä
35:20|

= IDR2.844.984, 568

vi Initial annuity cash value with coverage period (m − 1) years and single premium with
coverage period (n− 1) years

ä35+1:120−1| =
18−1−1∑
k=0

( k∏
s=1

1

e−βsr0 + α(1− e−βs)

)(
l35+t

l35

)
= 10, 9957465187483

vii The single premium for (n− 1) years earned

A35+1:20−1| = R
20−1−1∑

t=0

( k+1∏
s=1

1

e−βs + α(1− e−βs)

)(
l35+1+k

l35+1

− l35+1+k+1

l35+1

)

+R
( 20∏

s=1

1

e−βsr0 + α(1− e−βs)

)(
l35+1+20−1

l35+1

)

A35+1:20−1| = IDR34.202.893, 9315831
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viii The initial life annuity of the insured period h years using equation (2.33) is obtained

A
35:8| =

8−1∑
t=0

( t∏
s=1

1

e−βs + α(1− e−βs)

)(
l35+5

lx

)
= 6, 54872586636174

ix For the period of coverage (h− 1) obtained

A
35−1:8−1| =

8−1−1∑
k=0

( k∏
s=1

1

e−βs + α(1− e−βs)

)(
l35+1+k

l35+1

)
= 5, 88818035968421

Zillmer reserves using the CIR interest rate for the first year are

18
1 V

(8z)

35:20|
= (2920164, 769)− 0.025

6, 54872586636174
5, 88818035968421

18
1 V

(8z)

35:20|
= IDR2.920.164, 747

So, the amount of reserves available to the insurance company at the end of the first year of the
contract for a 35-year-old male trader is IDR 2,920,164,747. The complete calculation of Zillmer
reserves for endowment life insurance with an interest rate of CIR from a 35-year-old man with
Zillmer time of h = 8 years in year t, for the two cases above is presented in Table 1

t Single Premium (IDR) Zillmer Reserves (IDR)
A

35+t:20−t|
18
t V

(8z)
25:20|

0 32.338.459,4437441 0,025
1 34.202.893,9315831 2.920.164,747
2 36.175.055,6751705 6.009.476,075
3 38.260.549,8079212 9.276.864,061
4 40.466.077,2136807 12.732.924,47
5 42.797.139,7075944 16.386.557,96

Figure 3. Zillmer Reserve Chart.

4. Conclusion

This research has discussed Zillmer reserves in dwiguna life insurance with the Cox-Ingersoll-
Ross (CIR) interest rate. Based on the results of the analysis it can be concluded that the Zillmer
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reserve is an alternative method that can be used to determine the reserve derived from the net
premium with a value of α which is the Zillmer rate. In this case, a modification of prospective
reserves is made using the CIR interest rate. It is expressed in the form of a discount vector, so an
increasing reserve is obtained. This research is very useful for insurance companies in predicting
the reserves that must be owned by the insurance company.

Suggestions for future research, determining Zillmer reserves in Dwiguna Life Insurance, apart
from using the Cox-Ingersoll-Ross (CIR) interest rate, can be combined with the Zillmer population
model, referring to Pflaumer (2011). DOI:10.1007/ 978-3-319-03122-4_22.
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